We revisit the notion of nonclassical distance of states of bosonic quantum systems introduced in [M. Hillery, Phys. Rev. A 35, 725 (1987)] in a general multimode setting. After reviewing its definition, we establish some of its general properties. We obtain new upper and lower bounds on the nonclassical distance in terms of the supremum of the Husimi function of the state. Considering several examples, we elucidate the cases for which our lower bound is tight, which include the multimode number states and a class of multimode N00N states. The latter provide examples of states of definite photon number n ≥ 2 whose nonclassical distance can be made arbitrarily close to the upper limit of 1 by increasing the number of modes. We show that the nonclassical distance of the even and odd Schrödinger cat states is bounded away from unity regardless of how macroscopic the superpositions are, and that the nonclassical distance is not necessarily monotonically increasing with respect to macroscopicity.
I. INTRODUCTION
Consider M independent bosonic systems such as electromagnetic modes or nanomechanical oscillators and let H be the Hilbert space describing the entire system. Let S = S(H) be the system's state space, i.e., the set of all density operators on H. A distinguished subset of the state space S is the set S cl of classical states. For α) = α 1 ) α 2 ) ⋯ α M ) , α ∈ C M an M -mode coherent state 1 , S cl consists of the states σ that have a non-negative diagonal-coherent-state or P representation [1, 2]:-
where P (α) ≥ 0 is a probability distribution, possibly with delta-function singularities. We will use the language of quantum optics in this paper, but many of the ideas have counterparts in other continuous-variable systems with effective harmonic-oscillator Hamiltonians. Classical states are important in quantum optics as models for the radiation from commonly-occurring natural sources. Their photodetection statistics can be described in semiclassical terms [2] , and they are readily generated in the laboratory from laser sources. Many characteristic quantum-optical phenomena such as sub-Poissonian photon statistics, antibunching, quadrature squeezing, and entanglement are displayed only by nonclassical states, i.e., states ρ ∈ S ncl = S S cl . Several nonclassical states have been introduced theoretically and generated experimentally for various applications, well-known examples being the number states of one or more photons, the single-mode and two-mode squeezed coherent states, the Schrödinger cat states, and the N00N states -see, e.g., refs. [3, 4] and references therein for these and many other examples. Since the absence of any one of the above characteristic quantum features is not a guarantee that a given state is classical, much attention has been focused on operational necessary criteria for nonclassicality -see, e.g., refs. [5] [6] [7] [8] .
Applications like quantum cryptography, quantum computation, and quantum metrology rely on nonclassical states to gain a quantum advantage not achievable using classical states. In view of the fact that classical states are much easier to generate than tailored nonclassical ones, and that the latter are very sensitive to decoherence, a quantitative measure of the nonclassicality of a given quantum state is very useful. Perhaps the earliest such measure proposed is the nonclassical distance introduced by Hillery in ref. [9] . It is defined as the minimum trace-norm distance between the given state and states in the set S cl , and provides an upper bound on the Kolmogorov (or l 1 -) distance between the probability distributions obtained on measuring the given state and an arbitrary classical state using any quantum measurement. As such, it provides a generic bound on the advantage that the given state can provide over classical ones in any task of interest. Unfortunately, calculating the nonclassical distance is a difficult problem in general, and to the best of our knowledge, no exact results have appeared in the literature. However, several upper and lower bounds on it have been given [9, 10] .
Many other measures of nonclassicality have since been defined in the literature. In ref. [11] , Lee introduced the notion of nonclassical depth of a single-mode state, defined as the minimum number of additive Gaussian noise photons required to render the state classical. Techniques for calculating it were also given [12] . The same concept was independently defined by Lütkenhaus and Barnett [13] . While the nonclassical depth is an informative measure of nonclassicality [11] for Gaussian states [14] , it was shown in [13] that it has the maximal value of 1 noise photon for any pure non-Gaussian nonclassical state, rendering it of limited value as a nonclassicality measure for such states. Very recently, Sabapathy has generalized the nonclassical depth to multimode states and also to quantum channels [15] .
Partly motivated by the difficulties of calculating the trace-norm distance (and hence the nonclassical distance), several other distance-based measures of nonclassicality have been proposed. Dodonov et al. [16] introduced the Hilbert-Schmidt distance between a given state and the set of pure coherent states as a measure of nonclassicality. Marian et al. [17] studied the minimum Bures distance [18] (closely related to the quantum fidelity [19] ) between single-mode Gaussian states and the set of classical Gaussian states. Malbouisson and Baseia [20] studied the Bures distance and the Hilbert-Schmidt distance of more general states relative to the set of pure coherent states. Marian et al. [21] studied the nonclassicality of single-mode Gaussian states using the minimum relative entropy to the set of classical Gaussian states as a 'distance' measure. A measure defined using the Wehrl entropy has recently been explored by Bose [22] . Unfortunately, in these works, the chosen distance measure has been minimized over only a subset of S cl chosen in a more or less ad hoc manner.
In ref. [23] , Asbóth et al. exploited the close connection between input nonclassicality and generation of entanglement at the output of a passive linear optics network to define and estimate new nonclassicality measures. Vogel and co-workers have used the minimum number of terms in an expansion of the given state as a superposition of coherent states to define an algebraic nonclassicality measure [24] . Nonclassicality and entanglement are notoriously fragile under the action of decohering channels, the attenuator, additive Gaussian noise, and amplifier channels [14, 25] being particularly ubiquitous in applications. The degradation of nonclassicality and entanglement under loss and additive noise has also been extensively studied -see, e.g., refs. [23, [26] [27] [28] .
In this paper, we revisit the nonclassical distance of ref. [9] in a general multimode setting. In Section II, we motivate and review its definition. In Section III, we establish a number of its general properties. In Section IV, we establish improved upper and lower bounds on it in terms of the Husimi function of the given state. In Section V, we consider several examples illustrating our results. In particular, we show that our lower bound is saturated for multimode number states and a class of multimode N00N states, and very nearly saturated for even and odd Schrödinger cat states in the "macroscopic" regime. We conclude by discussing several possible directions for future work in Section VI.
II. NONCLASSICAL DISTANCE
Given an arbitrary state ρ ∈ S, its nonclassical distance δ(ρ) is defined as
where D(ρ, σ) is the trace distance between ρ and σ, with the latter of the form of Eq. (1). X 1 ∶= Tr √ X † X is the trace norm of the trace-class operator X. Note that our definition differs from that in [9] by a factor of 1 2. Following a convention often used in quantum information [19] , we have used the trace distance to measure the separation between ρ and S cl -the nonclassical distance then satisfies 0 ≤ δ(ρ) ≤ 1. A classical state evidently has zero nonclassical distance. We show later that δ(ρ) < 1 for all ρ ∈ S (see Sec. IV B). In Sec. III A, we show that δ(ρ) > 0 for all ρ ∈ S ncl so that δ(ρ) > 0 is a necessary and sufficient condition for nonclassicality.
To appreciate the utility of the definition (2), consider an arbitrary positive operator-valued measure (POVM) [19] {Π(x)} x∈X describing a quantum measurement yielding an outcome x in an arbitrary measurable space X and let σ ∈ S cl . The Kolmogorov distance between the classical probability densities P ρ (x) = Tr ρΠ(x) and P σ (x) = Tr σΠ(x) resulting from measuring the given POVM on ρ and σ is
where the inequality follows from the fact that X ≤ X = √ X † X for Hermitian and trace-class X and that Π(x) ≥ 0. As is well known, the inequality is saturated by the Helstrom-Holevo measurement [29, 30] . It follows that
The nonclassical distance thus provides a measurementindependent (and hence, application-independent) quantification of the minimum distinguishability between the probability distributions generated by the given state and any classical state. In other words, it generically quantifies the possible advantage that can be gained from the given nonclassical state (which is an "expensive" resource in being typically hard to generate and preserve) over classical states (which are "cheap" resources as they are easy to generate). Unfortunately, the nonclassical distance is difficult to calculate in general, owing both to the difficulty of calculating the trace distance in Eq. (2) (which requires diagonalizing ρ−σ) and to having to minimize it over all of S cl . Both these difficulties are compounded by the infinite dimensionality of H.
III. GENERAL PROPERTIES OF δ(ρ)
We now establish a number of useful properties of δ(ρ), many of which are used in the examples to follow. Most of the properties are intuitive, but (unless indicated) have not been formally stated in the literature to the best of our knowledge. Some of the results -such as the positivity of δ(ρ) for all ρ ∈ S ncl -are not obvious.
A. Positivity for ρ ∈ S ncl S cl has an interesting topological structure within S. Using an ingenious argument, it was shown in [9] that there are nonclassical states arbitrarily close in trace distance to any single-mode classical state. This argument is readily adapted to the multimode case, showing that S ncl is dense in S with respect to the trace distance. On the other hand, it was also shown in [9] that the nonvacuum number states (which are nonclassical 2 ), are interior points of S ncl with positive nonclassical distance. In order to generalize this statement to all ρ ∈ S ncl , we note that the convex set S cl is closed with respect to the weak topology on S [31] and is therefore also closed with respect to trace distance ( [25] , Lemma 11.1). Equivalently, S ncl is open in S so that the nonclassical distance is strictly positive for all ρ ∈ S ncl . Positivity of δ(ρ) is thus a necessary and sufficient condition for ρ to be nonclassical.
This juxtaposition of S cl and S ncl is analagous to that of the set of separable states and the set of non-separable states of a bipartite system of which at least one subsystem is infinite-dimensional. For such systems, it was shown in [32] that the set of nonseparable states is open and dense in the set of all states with respect to trace distance.
B. Non-increase under classicality-preserving channels
Let T ∶ S → S ′ be a quantum channel (a completely positive trace-preserving map) [19, 25] between the (not necessarily identical) state spaces S and S ′ that takes classical states to classical states, i.e., T S cl ⊂ S ′ cl . Such channels are exactly the ones defined as "classical channels" in [33] and include the more restrictive nonclassicality-breaking channels [15] . We have
where the first inequality follows from the assumption that T is classicality-preserving and the second follows from the non-increase of trace distance under the action of quantum channels.
C. Invariance to adjoining a classical state
Suppose we have two subsystems A and B each consisting of one or more modes. Let ρ ∈ S A be a state of A and σ 0 ∈ S B cl be a classical state of B. We have
To see this, first note that
from Sec. III B since taking the partial trace over B is a classicality-preserving quantum channel. On the other hand, if
cl , and we have
so that
Thus, adjoining a classical state does not change the nonclassical distance, as may be expected intuitively.
D. Invariance under affine optics transformations
Let a = (a 1 , . . . , a M ) T be the vector of annihilation operators corresponding to the M modes of the system. Consider the Heisenberg-picture unitary transformation
where
T is the output vector of annihilation operators, U is an M × M unitary matrix, and γ = (γ 1 , . . . , γ M )
T is an arbitrary vector in C M . Such a transformation corresponds to the most general unitary transformation that can be performed on the input modes using passive linear optics, augmented by displacements in each mode by amounts given by γ (hence the terminology "affine optics transformation"). The corresponding quantum channel T U,γ maps (in the Schrödinger picture) product coherent states into product coherent states according to
We thus have T U,γ S cl = S cl so that for any ρ ∈ S,
where we have used the unitary invariance of the trace distance.
The above result may be viewed as a quantitative generalization to M -mode affine optics transformations of the well-known fact that 2-port beamsplitters cannot generate nonclassical states from classical ones [34, 35] . A similar invariance result for the Bures distance has been stated by Marian et al. [21] , and the special case of the above result for pure dispacements was shown in ref. [9] . The preceding two properties imply that nonlinear processes of second order or higher are required to increase the nonclassical distance of a given state augmented by auxiliary modes in classical states.
E. Convexity
The nonclassical distance is convex in ρ, as shown in ref. [10] . Indeed, let ρ 1 , ρ 2 ∈ S, σ 1 , σ 2 ∈ S cl , and ρ = (1 − )ρ 1 + ρ 2 for any with 0 ≤ ≤ 1. The state σ = (1 − )σ 1 + σ 2 ∈ S cl and we have
by convexity of the trace norm, so that
and so
IV. UPPER AND LOWER BOUNDS ON THE NONCLASSICAL DISTANCE
The Husimi Q function is a quasiprobability distribution that plays a major role in theoretical quantum optics [4, 36] and is also experimentally accessible via heterodyne detection [37] . For given ρ ∈ S and α ∈ C M , it is defined as (27) and is a normalized true probability density. Some of the bounds on the nonclassical distance derived in refs. [9, 10] involve the supremum of the Husimi function of the state. For a general state ρ ∈ S, let us definẽ
In this Section, we make use of relations between the quantum fidelity and trace distance [19, 38] in order to obtain stronger upper and lower bounds on δ(ρ) in terms of m (ρ) than those in ref. [9] . These relations also allow for more direct derivations and make the cases for which the bounds are saturated more transparent.
A. Lower bounds
The fidelity between any two states ρ and σ is given by F (ρ, σ) = Tr √ ρσ √ ρ [19] . The trace distance and fidelity obey the inequality [38] :-
If ρ ∈ S is given and σ ∈ S cl is a classical state of the form (1), this gives the lower bound
on the nonclassical distance of ρ. Since fidelity is a concave function of its arguments [19] , this expression does not readily simplify on substituting Eq. (1) for σ.
For pure states ρ = ψ⟩ ⟨ψ , a stronger inequality than (30) holds [19, 39] 3 :
For σ of the form of Eq. (1), this gives the lower bound
since P (α) ≥ 0 and integrates to one. This strengthens (by a factor of 2) the bound (4.2) of [9] specialized to pure states.
In particular, the nonclassical distance of a product of identical pure nonclassical states approaches 1 at least exponentially fast in the number of copies.
B. Upper bounds
We can also obtain upper bounds on δ(ρ) via the fidelity. Using the inequality [38] 
we have for any classical state σ of the form of Eq.
(1),
using the concavity of fidelity. It follows that
This result is a generalization of the bound (4.14) of [9] to mixed states.
, the upper bound shows that δ(ρ) < 1 for all states.
If ρ = ψ⟩ ⟨ψ is pure and the closest classical state (assuming one exists) to ψ⟩ is a pure coherent state, the above upper bound is an equality because all the inequalities from (36) to (41) are saturated in this case. A coherent state α ⋆ ) that satisfies m ( ψ⟩) = (α ⋆ ψ⟩ 2 indeed achieves the greatest possible fidelity among σ ∈ S cl (and hence the smallest possible Bures distance) with a given ψ⟩ ∈ S ncl , as the case of saturation of (34) shows 4 . However, it is not the case in general that a pure coherent state is the closest classical state in trace distance to a given pure nonclassical state, as we will see in Section V.
Overall, for pure states ψ⟩, we thus have the two-sided Q-function-based bounds
Using the triangle inequality for the trace distance, we can relate the nonclassical distances of two states ρ and ρ ′ as follows. For any σ ∈ S cl , we have
giving an upper (lower) bound on the larger (smaller) of δ(ρ) and δ(ρ ′ ). 4 Thus, for pure states ψ⟩, the lower bound (34) in fact determines the minimum Bures distance with respect to S cl , making the restriction to the pure states of S cl imposed in [20] unnecessary.
V. EXAMPLES
We now illustrate our general results of Secs. III-IV with a few examples, and also obtain the exact value of the nonclassical distance for some states.
A. Multimode number states
First consider the single-mode number states n⟩ , n = 0, 1, 2, . . . Following ref. [9] , let us define the numbers
γ n is thus the probability that a Poisson random variable of mean n takes the value n. It can be verified that {γ n } is a decreasing sequence and that it satisfies
where the upper bound follows from Stirling's approximation for n! and is the asymptote of γ n for large n. The lower bound (34) for the number state n⟩ is then
Consider the classical state
which (as the overcircle on σ suggests) is the uniformly phase-randomized coherent state of mean photon number n. The states ○ σ n and n⟩ ⟨n commute and the trace distance between them is thus
saturating the lower bound (49) . Now let n⟩ = n 1 ⟩ n 2 ⟩ ⋯ n M ⟩ be a product M -mode number state. We have
so that the lower bound
holds. As for the single-mode case, n⟩ is an eigenstate of the classical state
with eigenvalue ∏ M m=1 γ nm , so that
Since γ n decreases with increasing n, we see that increasing the photon number in any mode increases the nonclassical distance, as may be expected. More interestingly, consider the case where the total photon number n = ∑ M m=1 n m is fixed but the number of modes may be varied. We then have
with the maximum achieved by a product state with one photon in each mode. Thus, spreading out the available energy over many modes increases the nonclassical distance of a multimode number state.
B. Superposition states of definite total photon number
Consider now an M -mode single-photon state 
which is achieved for α m = c m , so that 1 − e −1 ≤ δ( ψ⟩). In fact, ψ⟩ can be obtained from the state 1⟩ 0⟩ ⋯ 0⟩ with nonclassical distance (1 − e −1 ) by using a linear passive transformation of the form (17) with γ = 0 and any unitary U whose first column consists of the coefficients {c m } M m=1 . Therefore, using the properties of nonclassical distance from Sec. III, any state of the form of Eq. (58) has nonclassical distance (1 − e −1 ) independent of the coefficients and the number of modes.
The situation for superposition states of two or more photons is very different. While the general case appears (67)
The lower bound (34) is then maximized by choosing c m = 1 √ M for all m, in which case
Thus, in contrast to the single-photon case, for any n ≥ 2, the nonclassical distance of the state (62) with c m = e iθm √ M can be made arbitrarily close to 1 by increasing the number of modes. We call such states multimode N00N states, the usual N00N states [41] being recovered for M = 2 and c m = 1 √ 2. We can show that the Husimi-function lower bound is achieved for multimode N00N states. For m = 1, . . . , M , let
so that for each term in the superposition (62),
The classical state
satisfies
In particular, for the N00N state χ n ⟩ = n⟩ 0⟩ + e iθ 0⟩ n⟩ √ 2 with n photons, we have
which for n ≥ 2 is greater than that of the single-mode number state n⟩ and may be seen as a consequence of the entanglement in the former. Observe that χ 2 ⟩ has the nonclassical distance distance 1 − e −2 = δ( 1⟩ 1⟩), as dictated by linear optics invariance.
C. Attaining the Q-function lower bound
The above examples prompt the general question: "Which pure states ψ⟩ saturate the lower bound (34) ?" The derivation of (34) indicates that for a classical state σ to saturate it, two conditions must hold:-(a) We must have equality in (32) and (b) we must have F 2 ( ψ⟩ , σ) = m ( ψ⟩). The derivation of (32) in turn shows that condition (a) holds only if ψ⟩ is an eigenvector of σ [39] . Condition (b) holds only if σ is a mixture of coherent states that all (other than a set of probability zero) have the maximum possible overlap m ( ψ⟩) with ψ⟩. It can be verified that the examples considered so far satisfy these conditions. An important class of states for which the lower bound cannot be saturated are the multimode Gaussian pure states [14] . Indeed, these have Gaussian Q functions that are maximized at exactly one phase-space point -the mean vector of the given state. Thus, condition (b) above cannot be satisfied for any pure nonclassical Gaussian state, and hence also the lower bound (34) . It is an open question if the upper bound in (42) is saturated for these states.
D. Even and Odd Schrödinger cat states
Consider the even and odd superpositions of the singlemode coherent states ±β):
i.e., the even and odd coherent states introduced in ref. [42] (see also [43] ). Linear optics invariance implies that in order to examine the nonclassical distance of these states, we can set the amplitude β > 0 without loss of generality. The normalization constants are
Such states have been generated in microwave cavities [44] , in the motional degree of freedom of trapped ions [45] , in traveling optical beams [46] [47] [48] and other systems [49] . For large values of β, they are an example of the "Schrödinger cat" states [50] involving superpositions of macroscopic states, and are of great interest in studies of the quantum-classical divide [51] . The nonclassicality of the states (75) has been studied from the point of view of Bures distance in [20] . The Q functions of the states (75) are:
Evaluating the bounds (42) requires obtaining the maximum of these functions over α ∈ C.
In finding the maximum of the Q function for the even coherent state, two cases arise. If β ≤ 1, the Q function has a single maximum at the origin, while if β > 1, there are two maxima of equal height at ±α * where 0 < α * < β is the nonzero solution of β tanh(βα * ) = α * (see inset to Fig. 1 ). For any value of β > 0, it can be shown that the maxima of the Q function of the odd coherent state occur on the real axis at ±α * satisfying β coth(βα * ) = α * (see inset to Fig. 2 ). In the limit β → 0, ψ − ⟩ → 1⟩, the one-photon state, so that the Q function is maximized at any coherent state of the form e iθ in that limit. Consider the classical incoherent mixture
of the states ±β). For any value of β, ψ ± ⟩ are eigenvectors of σ β :
so that we have the upper bounds
Similarly, the trace distance to the classical state
yields an upper bound on the nonclassical distance of ψ ± ⟩. For the even coherent state, the Q function-based bounds, together with the upper bounds from Eqs. (81)-(82) are shown in Fig. 1 . The Q-function upper bound (41) is tighter than the upper bound corresponding to σ β for β ≲ 0.7, while the latter coincides with the lower bound (34) for all practical purposes if β ≳ 1.2. Indeed, the maximizer α * of the Q-function equals zero for β ≤ 1, so that the lower bound cannot be tight in this regime, as explained in Section V C. For β > 1, the two maximizers at ±α * have α * < β but approach ±β very rapidly (see inset to Fig. 1 -this was also noted in ref. [20] ), so that the conditions in Section V C are very nearly satisfied. . The upper bounds from σ α * and σ β reach the asymptotic value 1 2 of the lower bound for all practical purposes for β ≳ 1.5. As for the even coherent state, this is because the maximizer α * → β for large β, leading to the conditions for saturation of the Q-function lower bound being very nearly satisfied. From the bounds presented here, we see that the nonclassical distance of the odd coherent state is bounded above by ∼ 0.65 for any value of β and appears to be a decreasing function of β.
Mixing the states (75) with the vacuum at an η ∶ 1 − η beam splitter gives rise to a two-mode entangled coherent state [52] 
If √ η β ≪ 1 and √ 1 − η β ≫ 1, the state exhibits micromacro entanglement in the spirit of the Schrödinger-cat thought experiment and has also been realized experimentally [47] . Linear optics invariance dictates that the state (83) has the same nonclassical distance as the original single-mode cat state regardless of the value of η. The degree of entanglement of entangled coherent states has been studied by several authors [53, 54] . Since entanglement between the output modes of a beam splitter is closely related to nonclassicality at its input [7, 23, 55] , the quantitative relations between nonclassical distance of the input state and the entanglement entropy at the output merit further investigation.
E. Mixture of vacuum and number state
As a final example, consider the state
that mixes a vacuum component with a number-state component with n ≥ 1, and is nonclassical for any η > 0 because it has zero probability of counting m photons for m ≠ 0, n. The nonclassicality of the n = 1 case was extensively studied in [56] , while the nonclassical depth of this state was considered in [20] . Convexity of the nonclassical distance gives the upper bound
The lower bound (31) is hard to compute, but since D(ρ, n⟩) = 1 − η, we can use (44) to get which is useful if η > γ n . These upper and lower bounds are shown in Fig. 3 .
Using an argument similar to that in Sec. III B, we can say something about the form of a classical state σ that satisfies δ(ρ) = D(ρ, σ). Consider the quantum channel M ∶ S → S corresponding to making an ideal measurement in the number basis that maps a state τ into
n⟩ ⟨n τ n⟩ ⟨n (87)
The last equation shows that M can be implemented as a randomized phase shift over [0, 2π] and is hence classicality-preserving. We also have M ρ = ρ. Therefore,
Therefore, it suffices to restrict the optimization to all classical states diagonal in the number basis, i.e., those with a circularly symmetric P function. However, this latter optimization appears to be non-trivial and may require a numerical approach.
VI. DISCUSSION AND OUTLOOK
We have revisited the nonclassical distance defined in [9] in a multimode setting, studied its properties, developed new bounds on it, and elucidated the cases for which our Husimi-function lower bound is tight for pure states. The number states, multimode single-photon states, and multimode N00N states constitute, to the best of our knowledge, the first examples for which the nonclassical distance has been calculated exactly. Further work is needed to verify if our lower or upper bounds are tight for other important nonclassical states. Our Husimifunction lower bound (34) can be used to show that the nonclassical distance of the one-mode (two-mode) squeezed vacuum states can be made arbitrarily close to unity by increasing the degree of squeezing (entanglement). However, as mentioned in Sec. V C, the lower bound cannot be tight for pure multimode Gaussian states. In view of the practical importance of these states, it would be useful to get good estimates of their nonclassical distance.
In ref. [10] , upper bounds on the nonclassical distance of a state in terms of its total noise [57] or average energy were derived. In view of the interplay between the photon number and the number of modes in determining the nonclassical distance for some of our examples, it would be interesting to seek upper bounds on the nonclassical distance of a state in terms of its total average energy and the number of modes M .
The generation of large-amplitude optical Schrödinger-cat states is of great interest from the viewpoints of both fundamental physics and applications such as optical quantum computation, with states of increasing amplitudes being generated in recent years [46] [47] [48] . Since the generation of large-amplitude coherent-state superpositions appears to be challenging, it is somewhat surprising that the nonclassical distance of the cat states is bounded away from unity regardless of the superposition amplitude. Further study is required to see if this indicates that alternative preparation strategies for largeamplitude cat states exist.
The attenuator and additive Gaussian noise channels preserve classicality and degrade nonclassicality [23, [26] [27] [28] . In view of their ubiquity, it would be very useful to study quantitatively how the nonclassical distance degrades at the output of such channels.
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